Abstract. We consider a complete metric space (X, p) such that closed balls are compact. The paper is devoted to the Hausdorff distance d defined on 5?, the space of all nonempty compact subsets of X. We construct an embedding (5R, d) (Sr, distf), where S is the family of all closed subsets of X. We show that (Sr, distf) is compact.
Introduction and preliminaries
Let (X, p) be a metric space. It is well known that when (X, p) is separable and locally compact then the set X = X U {oo} (Alexandroff compactification) is metrizable, where oo is the point that does not belong to X and (X,p) is compact (see [3] , page 55). In the paper we use the Hausdorff type distances to define a metric on X which is more direct and efficient.
By d we denote the Hausdorff metric defined by
d(A,B) = ma x{p s (A,B),p s {B,A)}
for all A, B in 5R, the space of all nonempty compact subsets of X, where p s (A, B) is the Hausdorff semidistance (see [5] ). The Hausdorff metric d may be infinite when extended to S, the space of all nonempty closed subsets of X. In [5] , a bounded metric on S is defined. We use extensions of the Hausdorff metric to obtain a bounded metric on S including an empty subset of X. We extend d to a bounded metric ZionS , the space of all closed subsets of X (including the empty set). We admit the following p s ($, A) = 0, for all A C X and p s {A, 0) = oo for all nonempty AC X. For a real valued continuous function f(t), such that f(t) > 0 for all t 6 [0, oo) and J[ 0 ^ f(t)dt < oo we define a metric distf on the space of all closed subsets of X (including the empty set) by
[0,oo)
We discuss convergence and related properties of distf. In particular we show that (5, distf) is compact whenever nonempty finite closed balls K(xo,r) = {y G X : p(xo,y) < r} are compact in (X, p). These studies are important in the light of recent developments in the study of fractals and semifractals (see [5] and [6] ).
The extensions of the Hausdorff metric
We start with the following commonly known fact: Proof. We need to prove that if t n is a decreasing sequence in [0,oo) such that t n -> io as n -> oo, then LA,B(TN) LA,B{PQ). The case when B fi K(xo,t n ) = 0 for some n is trivial because then we will have BC\K(xq, to) = 0 which leads to LA,B{T N ) = oo and L^B^O) = OO if H K(xo,to) ^ 0 or A fl K(xo,t n ) = 0 = B fl K(xo,t n ) for some n and then LA,B(TJ) = 0 = LA,B(^O) for all j > n. Therefore we may assume that L,A,B(TN) < oo for all n. Now let us suppose that lim n -+oo LA,B{tn) exists and it is finite but limn^oo LA,B(t n ) LA,B{to) (we may assume the convergence of LA,B(tn) because we may always choose a convergent subsequence). Then either we have lim n^o 
In the first case we put a = limLA,B{tn) a nd choose e > 0 such that a > La,b{U)) + £-For sufficiently large n there exist either a n £ AnK(xo, t n )
. From a n € AnK(xo, t n ) we choose a subsequence which converges to ao € An K(xotg) (by compactness of A fl 
In particular E = Ux^e[x, x + 6), may be represented as a countable union of left closed intervals and therefore E is a Borel set. Examples resembles that of a step function) and finally observe that La,Bit) is really discontinuous at infinitely (countably) many points. REMARK 1.6. By considering R with the usual metric, by R+. we denote the set of nonnegative real numbers and let An = [0, n] C R+, where the n are natural. Clearly the An exhaust R+. But for the metric h we always have /j(An,R+) = 1. Loosely speaking Ai+i is "closer" to R_|_ than An but the metric h fails to illustrate this property. Hence we are led to the following: DEFINITION 1.7. Let f be a real valued continuous function, such that f(t) > 0 for all t 6 [0, oo) and Jj0 ^ f(t)dt < oo. We define a distance between closed subsets A and B of X by
distf(A,B) = J f(t)h(AnK(xQ,t),BnK(x0,t))dt.
[0,oo) THEOREM 1.8. distf is metric on the space of all closed subsets of X. Given a natural number k, let E^ = {t E [0, oo) : ip(t) > jr}. We want to show that E& is finite. We assume that it is infinite and finally arrive at a contradiction. We may choose an infinite convergent sequence tn E E^ C [ro, R0] such that ip(tn) > ^ = 8 for n > N.
Proof. Certainly we have 0 < distf(A, B) < oo as 0 < distf(A, B) < J[0)OO) f(t)dt < oo. Suppose that distf (A, B) -0. Since f(t) > 0 for all t e [0, oo) it follows that h(A n K(x0,t),B n K(x0,t)) = 0 for almost all t € [0, oo). This implies that A n K(x0,t) = B n K(x0,t) for almost all t € [0, oo), since h is a metric. Hence A = B.

Conversely suppose that A -B. Then distf (A, B) = distf (A, A) = 0 as h{A n K(x0,t),A n K(x0, t)) = 0 for all i > 0. By recalling that h{A, B) = h(B,A) we obtain distf (A, B) = distf (B, A).
Finally we recall that h(A, B) < h(A, C) + h(C, B) for compact subsets
Then we have (z) (ii) (iii).
Proof. (i)=r-(ii) Let ip(t) -limsupn_>00d(An D K(x0,t),Ar\ K(x0,t))
Since A is compact then we can define N(A,6) to be the maximum number of points xi, x2, • •., xm in A such that p(xi, Xj) > 6 for i ^ j. Now  N(A, 8) is well defined since by compactness of A we can choose a finite number of points in A that are ¿-separated .
Suppose that E^ is infinite. Given m = N(A, 6) we choose m+2 elements h < t2 < ... < i m+ 2 from Ek and define n = , n = for / = 1,2,... ,m+ 1. We set ai+i = a. Clearly a E A f~l K(x0, t '+ 1 + f '+ 2 ); /j(a/+i, An) < ri+i for all i > n l+1 and p(ai+i,aj) > for all j = 1, 2,..., I. It follows by induction that there exists a sequence 04,02,... ,am+1 6 A such that p(aj,oi) > ^ for all i j, which contradicts the maximality of m. Therefore E^ is finite. Now E = {t e [0,00) : ip(t) > 0} = Ufcli Ek is at most countable. So the Lebesgue measure of E is zero. Hence (i)=>(ii).
( 
